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Deep learning generalized structured component analysis: An interpretable artificial 

neural network model with composite indexes  

 

Abstract 

Generalized structured component analysis (GSCA) is a multivariate method for specifying and 

examining interrelationships between observed variables and components. Despite its data-

analytic flexibility honed over the decade, GSCA always defines every component as a linear 

function of observed variables, which can be less optimal when observed variables for a 

component are nonlinearly related, often reducing the component’s predictive power. To address 

this issue, we combine deep learning and GSCA into a single framework to allow a component 

to be a nonlinear function of observed variables without specifying the exact functional form in 

advance. This new method, termed deep learning generalized structured component analysis 

(DL-GSCA), aims to maximize the predictive power of components while their directed or 

undirected network remains interpretable. Our real and simulated data analyses show that DL-

GSCA produces components with greater predictive power than those from GSCA in the 

presence of nonlinear associations between observed variables per component.  

 

Keywords: Generalized structured component analysis, deep learning, nonlinear component, 

composite index 

  



 DEEP LEARNING GSCA 

3 

 

1. Introduction 

Generalized structured component analysis (GSCA; Hwang & Takane, 2004, 2014) is a 

multivariate method for examining path-analytic relationships between observed variables and 

components. GSCA estimates parameters via an iterative least squares algorithm, generating 

components that minimize the sum of (in-sample) prediction errors for all dependent variables in 

the model that researchers specify based on prior knowledge and theory. In this regard, GSCA’s 

component may be considered an aggregated measure of observed variables, or a composite 

index created under a certain rule that a component is to explain the total variance of its observed 

variables and to be highly related to other components (Cho, Sarstedt, et al., 2022).  

GSCA can include a broad array of component analysis methods as special cases, 

including (constrained) principal component analysis (Takane et al., 1995), (generalized) 

canonical correlation analysis (e.g., Carroll, 1968; Kettenring, 1971; Tenenhaus et al., 2017), 

principal covariate regression (de Jong & Kiers, 1992), redundancy analysis (van den 

Wollenberg, 1977), extended redundancy analysis (Takane & Hwang, 2005), canonical 

regression analysis (van der Leeden, 1990, p. 47), hierarchical structural component analysis 

(e.g., Choi et al., 2020), and partial or global least squares path modeling (Hwang et al., 2020; 

Hwang & Cho, 2020), particularly under the unidimensionality assumption that one component 

is extracted from each set of observed variables (refer to Hwang & Takane, 2014, Chapter 2). 

GSCA has been extended in various ways to deal with more complex data structures and 

analyses. For instance, GSCA was combined with fuzzy clustering to capture cluster-level 

heterogeneity in observations (Hwang et al., 2007). It was also extended to accommodate 

interactions between components while addressing potential multicollinearity via regularization 

(e.g., Hwang, 2009; Hwang et al., 2010, 2021). GSCA and all these extensions to date commonly 
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assume that each component is defined as a linear function (or a weighted sum) of its observed 

variables, also referred to as (composite) indicators (Bollen & Bauldry, 2011). This linearity 

assumption can be useful for the interpretation of individual component scores, particularly when 

all component weights for indicators are positive. For example, if an individual has a high score 

on a component relative to other individuals, the individual will also tend to have relatively high 

scores for the component’s indicators (e.g., refer to Cho, 2023, Section 3.3). 

However, defining a component as a linear function of indicators (i.e., a linear 

component) all the time can be rather too restrictive in practice, ignoring potential nonlinear 

associations between the indicators. For example, two scatterplots in Figure 1 exhibit the 

relationships among four indicators for the Human Development Index (HDI; UNDP, 1990), 

including countries’ gross national income (GNI), life expectancy (LifeExp), expected schooling 

years (ExpSchl), and mean schooling years (MeanSchl), from the Human Development Report 

2010 (UNDP, 2010). The scatterplots show clear curvilinear relationships between GNI and the 

other indicators. Likewise, it has been reported that two indicators for socioeconomic status 

(SES), i.e., schooling year and income, are nonlinearly related (e.g., Gensowski et al., 2011, pp. 

13–15; P. V. Le, 2014; Park, 1994). In these cases, adopting a linear component for the HDI or 

SES indicators can lead to less explanatory power for in-sample data.  

=== Insert Figure 1 about here === 

In addition, linear components may have less predictive power for unseen observations or 

out-of-sample data. For example, Takane and Hwang (2007) investigated the relationships 

between two components—country-level food consumption and mortality rate. They showed that 

when both components were defined as linear ones, food consumption had substantially lower 
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predictive power for mortality rate, as compared to when they were defined as nonlinear 

functions of their indicators. 

We may consider adding polynomial and/or product terms of indicators to capture some 

nonlinear relationships between the indicators. Nonetheless, this way of modeling requires prior 

knowledge on what forms of nonlinear relationships between indicators is expected and which 

terms should be added to capture the nonlinearity sufficiently well. Deep learning (Lecun et al., 

2015; Rosenblatt, 1962) can be useful to address such nonlinearity of indicators without relying 

on prior knowledge on their relationships. As in GSCA, deep learning begins by defining 

multiple components as linear deterministic functions of observed variables. Unlike GSCA, 

however, it typically further transforms the linear components in a nonlinear manner. This 

multivariate and vector-valued function, which transforms multiple input variables (e.g., 

observed variables) into multiple outcome variables (e.g., transformed components of the input 

variables), is called a layer. The outcome variables of a layer are fed into another layer, in which 

they are again combined into several linear components and (nonlinearly) transformed. The 

operation of producing a function as a function of another function—function composition—is a 

key element that enables deep learning to successfully approximate nonlinear relationships 

between input and outcome variables (Urban & Gates, 2021). It is mathematically proven that 

any continuous function can be approximated by deep learning’s function in a prescribed 

accuracy under some mild conditions—the universal approximation theorem (For the conditions 

in detail, Csaji, 2001; Cybenko, 1989; Lu et al., 2017). 

In the paper, therefore, we propose to combine deep learning (DL) with GSCA into a 

single framework. This extension, termed deep learning generalized structured component 

analysis (DL-GSCA), aims to conduct path-analytic modeling of indicators and components as 
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in GSCA. At the same time, DL-GSCA relaxes the linearity assumption between indicators and 

components thereof, allowing components to be nonlinear functions of their indicators without 

the need of pre-determining their exact functional forms. It then estimates the functional form of 

each component from the data by utilizing DL’s artificial neural networks, such that the 

component can maximize its predictive power for dependent variables in the model. In this 

regard, DL-GSCA is distinct from GSCA that always fixes the component’s functional form to 

be linear. Nonetheless, DL-GSCA still assumes that the relationships among components remain 

linear to facilitate their interpretation as in GSCA. 

 The paper is organized as follows. In Section 2, we provide a technical account of DL-

GSCA, including its model specification, parameter estimation, and model evaluation. We here 

focus on providing a rather general description of the proposed method to avoid excessive 

notational burden, while all technical details with formal mathematical notations are relegated to 

appendices. In Section 3, we present the application of DL-GSCA to the Human Development 

Index datasets to illustrate its relative explanatory and predictive performance to GSCA. In 

Section 4, we conduct a Monte-Carlo simulation study to investigate whether DL-GSCA’s 

comparative advantages over GSCA can be generalized to conditions where different forms of 

nonlinearity exist between indicators. In the last section, we summarize and discuss the 

implications, limitations, and potential extensions of the proposed method. 

 

2. The Proposed Method 

2.1. Model specification 

We begin by describing GSCA’s model specification to facilitate understanding of DL-GSCA’s 

model specification. To specify path-analytic relationships between indicators and components, 
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GSCA involves three sub-models: weighted relation, component measurement, and structural 

models. The weighted relation model indicates that components are defined as linear 

deterministic functions of their respective indicators. The weights assigned to indicators to form 

their components are called (component) weights. The component measurement model shows 

that indicators are explained by their components and these relationships are signified by 

(component) loadings. The structural model specifies path-analytic linear associations between 

components, represented by path coefficients.  

Let γ and z denote random vectors of components and indicators, respectively, both of 

which are assumed to be standardized. Let W, C, and B denote matrices consisting of weights, 

loadings, and path coefficients, respectively. Let ξ denote a vector of errors for z in the 

measurement model. Let ζ denote a vector of errors for γ in the structural model. Then, the three 

sub-models of GSCA are expressed as 

 γ = W'z (weighted relation model)               _   (1) 

 z = C'γ + ξ (component measurement model) (2) 

 γ = B'γ + ζ (structural model),                      _           (3) 

where X' denotes the transpose of a matrix X.  

DL-GSCA also involves the same sub-models. However, components in DL-GSCA are 

defined as any continuous (linear or nonlinear) deterministic functions of their indicators in the 

weighted relation model and are allowed to be nonlinearly related to their respective indicators in 

the component measurement model. Let fW and fC denote continuous functions of z and γ, 

respectively. Then, DL-GSCA’s three sub-models are given as  

 γ = fW(z) (weighted relation model)               _   (4) 

 z = fC(γ) + ξ (component measurement model) (5) 

  γ = B'γ + ζ (structural model).                        _           (6) 
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If fW and fC are confined to be linear, (4) and (5) become equivalent to (1) and (2), respectively, 

indicating that DL-GSCA includes GSCA as a special case. A more detailed description of DL-

GSCA’s model specification is provided in Appendix A. 

2.2. Parameter estimation 

In DL-GSCA, we utilize DL for estimating fW and fC in a data-driven manner. Let hW and hC 

denote a set of DL’s artificial neural networks that approximate fW and fC, respectively. Two 

hyperparameters—the number of hidden layers and the number of hidden units per hidden layer 

for each component—determine the basic forms of hW and hC, as discussed in detail in Appendix 

B.  

Given the matrix of standardized indicators and the two hyperparameters, we aim to 

estimate hW, hC, and B by minimizing a single optimization criterion that is equivalent to the 

average residual variance of all dependent variables in the model. We develop an alternating 

least squares (ALS) algorithm to minimize the optimization criterion iteratively. The ALS 

algorithm begins by dividing the model parameters into two sets and alternately updates each set 

of the parameters with the other set fixed until the criterion’s difference between consecutive 

iterations becomes smaller than a prescribed tolerance level (e.g., .0001). Once hW, hC, and B are 

estimated, the standard errors and confidence intervals of path coefficient estimates are obtained 

based on the bootstrap method (Efron, 1979, 1982). We provide a detailed description of the 

ALS algorithm in Appendix C. 

Prior to the implementation of the ALS algorithm, it is important to predetermine the 

values of the two hyperparameters. These values affect the potential capacity of hW and hC to 

approximate fW and fC (Lu et al., 2017). For example, by increasing the number of hidden layers 

and/or that of hidden units per layer for hW and hC, one can approximate a more intricate form of 
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fW and fC, thereby reducing the bias in hW and hC. However, this approach can require estimating 

a large number of model parameters, which in turn tends to increase the variance in hW and hC. 

This phenomenon is often referred to as the bias-variance trade-off (Hastie et al., 2001, Chapter 

7.3). If the increased variance outweighs the bias reduction, the model may overfit (e.g., Strang, 

2019, p. 374) and fails to generate optimal components for predicting dependent variables in test 

samples. It is, therefore, essential to optimally calibrate the two hyperparameters of hW and hC to 

ensure the maximal predictive power of the components. 

Nonetheless, it should be noted that there is, as yet, no universally agreed-upon method 

for determining hyperparameter values of deep learning methods (Mas & Flores, 2008). Within 

the context of DL-GSCA, we adopt the predictive feedforward search algorithm (Cho et al., 

2022), which was originally proposed for variable selection in GSCA. This search algorithm 

gradually increases the hyperparameter values until any further increase results in a higher 

expected prediction error of the model. A detailed description of the search algorithm is 

presented in Appendix D. 

Lastly, it is worth noting that DL-GSCA’s approach to estimating components can be 

categorized as unsupervised learning. This is due to its primary focus on “generating” 

components capable of accurately predicting their outcomes, including indicators and dependent 

components, without necessitating a pre-collected dataset of components. In fact, if researchers 

do not specify the structural model (6), the DL-GSCA model becomes identical to a set of 

autoencoders (e.g., Q. V. Le, 2015; Rumelhart et al., 1986), each of which takes a specific set of 

indicators as both inputs and outputs and includes a component as a hidden unit in its hidden 

layer (refer to Figures B1 and B3).  

 



 DEEP LEARNING GSCA 

10 

 

2.3. Model evaluation 

DL-GSCA provides three types of indices for evaluating the overall performance of a specified 

model: FIT for dependent variables (FITD), test error for dependent variables (TED), and out-of-

bag prediction error for dependent variables (OPED). We provide the formulae of these overall 

model fit indices and relevant local model fit indices that we will also discuss below in Appendix 

E. 

FITD is a rescaled version of the traditional goodness-of-fit measure FIT in GSCA 

(Hwang & Takane, 2014, pp. 26–30). It shows how much variance of dependent variables (both 

indicators and components) in the model is explained by components on average. This index is 

equivalent to the average of the R2 values for all dependent variables, which ranges from 0 to 1. 

The larger the FITD value, the more variance is explained. Also, 1 – FITD is indicative of the 

average in-sample prediction error for dependent variables in the model. This in-sample 

prediction error indicates the model’s estimated prediction error for the training sample. When 

every variable is specified as a dependent variable, FITD becomes equivalent to FIT. In addition, 

DL-GSCA provides two local goodness-of-fit indices: FITM
D and FITS

D. The former shows how 

much variance of dependent indicators in the component measurement model is explained by 

components on average (i.e., average R2 for all dependent indicators), whereas the latter shows 

how much variance of dependent components in the structural model is explained by other 

components on average (i.e., average R2 for all dependent components).  

 On the other hand, TED assesses the average out-of-sample prediction error for dependent 

variables in the model. The value of TED indicates the ratio of the average prediction errors of a 

specified model and the null model that uses the training-sample means of indicators and 

components as their predicted scores in a test sample. A value of TED smaller than 1 indicates 
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that the estimated model shows better predictive performance than the null model in the test 

sample. If the estimated model perfectly predicts dependent variables in the test sample, its TED 

value will be zero. DL-GSCA also provides TEM
D and TES

D for respectively assessing the 

average out-of-sample prediction errors for dependent indicators in the component measurement 

model and for dependent components in the structural model, relative to the corresponding null 

models (i.e., in a test sample, the null component measurement model uses the training-sample 

means of indicators as the indicators’ predicted scores and the null structural model uses the 

training-sample means of components as the components’ predicted scores).  

In practice, researchers may not have a designated test sample, or the sample size of their 

dataset may be too small. This can make it infeasible to set aside a portion of the dataset as a test 

sample and to calculate the TED value of the trained DL-GSCA model. To address this issue, 

DL-GSCA provides OPED, which is a rescaled version of the traditional cross-validation index 

OPE in GSCA (Cho et al., 2019). This index can estimate the expected prediction error of the 

DL-GSCA model, when a test sample is not available. The OPED value has the same 

interpretation as that of TED, but it is primarily used for comparing models (Cho et al., 2019). 

For example, when there are several competing models, the model with the smallest OPED value 

can be selected as the final one in terms of predictive generalizability. DL-GSCA also provides 

OPEM
D and OPES

D, which aim to estimate the expected prediction error of the measurement and 

structural models, respectively. 

When a test sample is given, researchers can additionally evaluate the predictive power of 

individual predictor components through the use of ∆TEp,q, which assesses the contribution of 

one predictor component, denoted by component p, to prediction of its dependent component, 

denoted by component q, in the model. If the value of ∆TEp,q is negative, including the predictor 
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component in the model worsens the prediction of the dependent component. Conversely, if the 

value of ∆TEp,q is positive, adding the predictor component contributes to better predicting the 

dependent component.  

 

3. Empirical Application 

The datasets we analyze come from two Human Development Reports (HDR) published by the 

United Nations Development Programme (UNDP, 2010, 2016) in 2010 and 2016. Under the 

premise that “the real wealth of nations” is people, not the real and financial assets accumulated 

(UNDP, 1990, p. 9), the UNDP created a composite index for measuring countries’ development 

levels for humans, named the Human Development Index (HDI), and has published each 

country’s HDI score and ranking annually since 1990. The HDI is evaluated in terms of three 

domains of human development—health, knowledge, and decent standard of living. Specifically, 

since the revision of the HDI formula in 2010, life expectancy at birth (LifeExp) has been used 

as the indicator for health, mean schooling years (MeanSchl) and expected schooling years 

(ExpSchl) as the indicators for knowledge, and gross national income per capital (GNI) as the 

indicator for decent standard of living.  

Although the provision of the HDI plays a role in shifting a national paradigm of 

development from materialistic growth to human well-being in many countries (UNDP, 2016, p. 

2), this index has been constantly criticized in two respects. First, many researchers point out that 

the formula used to calculate the HDI is rather arbitrary and difficult to justify because the 

formula has been heavily affected by the developers’ opinions (e.g., Noorbakhsh, 1998; Nübler, 

1995). Second, researchers are concerned that the HDI is not developed to sufficiently account 

for other important domains of human development, including ecological sustainability (e.g., 
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Sagar & Najam, 1998), political freedom (e.g., Ranis et al., 2006), and subjective well-being 

(e.g., Blanchflower & Oswald, 2005). In fact, the HDI has been developed based solely on a 

group of experts’ judgements on which change/growth in the country should be indicative of 

development. However, it seems to be of particular importance to take into account subjective 

well-being, which informs “whether progress has indeed occurred if the (partial) metrics of 

human development suggest it appears to have” (Hall & Helliwell, 2014, p. 11), reflecting 

people’s actual opinions about which changes in the HDI domains they perceive as real-life 

developments in their country (e.g., Blanchflower & Oswald, 2005). Thus, some researchers 

suggest determining the weights for the HDI indicators based on their contributions to subjective 

well-being (e.g., Blanchflower & Oswald, 2005; Nübler, 1995). 

DL-GSCA may be used for statistically addressing these issues with the HDI. It does not 

need to pre-determine a formula for combining the four HDI indicators or equivalently how the 

weights for the indicators are to be determined. Instead, DL-GSCA estimates the functional form 

between the HDI and its indicators in a data-driven fashion such that the index maximizes the 

total explained variance of dependent variables in the DL-GSCA model. Particularly, subjective 

well-being can be specified as a focal dependent variable for the HDI in the model. Then, DL-

GSCA will estimate the weights for the HDI indicators in such a way that the index is highly 

associated with subjective well-being. 

Figure 2 displays the HDI model that we specified for illustrative purposes. We consider 

the HDI an exogenous component (i.e., γ1 = HDI), which is associated with four indicators (i.e., 

z1,1 = LifeExp, z1,2 = MeanSchl, z1,3 = ExpSchl, and z1,4 = GNI). We also assume that the HDI 

influences two types of subjective well-being. One type is the average level of satisfaction with 

the country’s environment for development (SED; γ2 = SED), which is measured by three 
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indicators: z2,1 = proportion of the people satisfied with healthcare quality (SatisHQ), z2,2 = 

proportion of the people satisfied with education quality (SatisEQ), and z2,3 = proportion of the 

people satisfied with state of living (SatisSL). The other type is overall life satisfaction (OLS; γ3 

= OLS), which is measured by a single indicator, z3,1 = the average life satisfaction of the people 

living in a country (Cantril, 1965). We further assume that SED influences OLS, as it seems 

reasonable that an individual satisfied with his or her country’s environment is more likely to be 

satisfied with his or her overall life (e.g., Silva et al., 2012).  

=== Insert Figure 2 about here === 

We apply DL-GSCA to fit the model to the 2010 HDR data. Of 169 countries, we use 

142 countries that have no missing observations (N = 142). We wrote a MATLAB code for DL-

GSCA1 for this analysis. We consider three levels of the number of hidden layers, denoted by Lp 

in Appendix B, for HDI and SED (Lp = 0, 1, and 2). When the number of hidden layers is greater 

than zero, we consider four levels of hidden units per hidden layer, denoted by Rp
(l) in Appendix 

B (Rp
(l) = 2, 3, 4, and 5). We employ Cho et al.’s (2022) search algorithm with five-fold cross 

validation method for deciding the two hyperparameters. We then apply the ALS algorithm to 

each training sample, using ten different sets of initial values. The parameter estimates obtained 

from the set of initial values, which results in the largest FITD, are chosen as the final estimates. 

The tolerance level used in the study is .0001. For comparison, we also apply GSCA to the same 

data. The total number of bootstrap samples is 1000. 

We choose one hidden layer for both HDI and SED and four and three hidden units per 

hidden layer for HDI and SED, respectively, based on the predictive feedforward search 

algorithm. We then proceed to apply the ALS algorithm with ten different sets of random initial 

 
1 The MATLAB code and the HDR data are available at 

https://osf.io/wdz79/?view_only=39cbbe18a7f442d381e2483b4bced177 



 DEEP LEARNING GSCA 

15 

 

values. Figure 3 displays how the value of the optimization criterion (C.2) changes as the ALS 

algorithm iterates through its two steps with a set of randomly assigned initial values. With each 

iteration, the value of (C.2) always decreases, indicating that the ALS algorithm is successfully 

finding parameter values that result in a smaller value of (C.2) than the previous iteration. 

=== Insert Figure 3 about here ===  

DL-GSCA provides FITD = .81, indicating that the model explains 81% of the total 

variance of all dependent variables in the model. Also, DL-GSCA provides FITM
D = .86 and 

FITD
S = .65, indicating that the measurement model accounts for 86% of the total variance of all 

dependent indicators, whereas the structural model explains 65% of the total variance of all 

dependent components. Conversely, GSCA provides FITD = .75, FITM
D = .79, and FITS

D = .60. 

This indicates that DL-GSCA provides smaller in-sample prediction errors for both indicators 

and dependent components than GSCA. 

Figure 4 displays the indicators’ values predicted by DL-GSCA against their original 

values. The three scatterplots show that the HDI and SED components appear to capture the 

nonlinear relationships of their respective indicators sufficiently well, indicating that they can 

serve as a good summary of their indicators. The average R2 value of the HDI and SED 

components for their respective indicators are .89 and .82, respectively.  

=== Insert Figure 4 about here ===  

Figure 5 depicts the relationships among the HDI and SED components and their 

indicators obtained from DL-GSCA. The individual scores of the components are obtained by 

plugging their indicators’ scores in the estimated weighted relation model (i.e., gn,p = hw,p(dn,p) in 

Eq. (C.1) in Appendix C). In general, an increase in the indicators’ scores is associated with an 

increase in their component scores, indicating that an improvement in each domain of the HDI 
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and SED is likely to be related to an increase in the level of human development and people’s 

satisfaction with their living environment for development. It seems intriguing that a small 

amount of increase in GNI is linked to a steep growth in the HDI for countries with extremely 

low levels of GNI, suggesting that an economic growth may contribute substantially to human 

development for these countries. On the other hand, for those with relatively high levels of GNI 

(i.e., greater than around a standardized score of 1.5 or equivalently 36,654 US dollars), an 

increase in GNI is associated with only a marginal increase in the HDI. This may be because 

GNI is negatively associated with the other domains of the HDI among the countries with high 

GNI levels, as displayed in the first two scatterplots of Figure 5. 

=== Insert Figure 5 about here ===  

In the structural model, the HDI has a positive and statistically significant effect on SED 

(b1,2 = .76, SE = .04, 95% CI = [.69, .83]), indicating that a higher level of human development 

tends to lead to a higher level of people’s satisfaction with their living environment. Also, SED 

has a positive and statistically significant effect on OLS (b2,3 = .45, SE = .06, 95% CI = 

[.33, .58]), indicating that people satisfied with their living environment are likely to have a high 

level of overall life satisfaction. Moreover, the HDI has a positive and statistically significant 

effect and on OLS (b1,3 = .44, SE = .07, 95% CI = [.30, .56]), indicating that people living in a 

country with a relatively high level of human development tend to have a relatively high level of 

satisfaction with their life, controlling for satisfaction with their living environment. 

Furthermore, the HDI has a positive and statistically significant indirect effect on OLS, mediated 

by SED (b1,2 × b2,3 = .35, SE = .05, 95% CI = [.25, .46]). The total effect of the HDI on OLS 

(.79) is also positive and statistically significant (SE = .03, 95% CI = [ .73, .84]). 
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To evaluate the model’s predictive power, we evaluate its out-of-sample prediction error, 

using the 2016 HDR dataset as a test sample. We use 156 countries without missing 

observations. DL-GSCA provides TED = .24, indicating that on average, DL-GSCA’s prediction 

error is 24% of the null model’s prediction error. This value is smaller than that of GSCA (TED 

= .29). DL-GSCA provides TEM
D = .17 and TES

D = .52, indicating that DL-GSCA’s prediction 

errors for the measurement and structural models are 17% and 52% of the respective null 

models. They are also smaller than the counterparts of GSCA (TEM
D = .23 and TES

D = .57). 

These results show the superior predictive performance of DL-GSCA to GSCA. In addition, all 

∆TEp,q values obtained from DL-GSCA are positive (i.e., ∆TE1,2 = .98, ∆TE2,3 = .17, and ∆TE1,3 

= .09), indicating that all the predictor components contribute to predicting their dependent 

components.  

For illustrative purposes, suppose that we do not have any additional dataset to use as a 

test sample. In such a case, as typically recommended in the literature (e.g., Hastie et al., 2001, p. 

222), we might use about 75% of observations in the 2010 HDR dataset for model training and 

the rest for model testing. However, due to the limited number of countries in this dataset, we opt 

to use OPED, OPEM
D, and OPES

D values to evaluate the out-of-sample errors of the competing 

DL-GSCA and GSCA models, rather than TED, TEM
D, and TES

D values. DL-GSCA yields OPED 

= .20, whose value is smaller than that of GSCA (OPED = .27). This suggests that DL-GSCA can 

be chosen over GSCA in terms of predictive generalizability Additionally, DL-GSCA provides 

OPEM
D = .15 and OPES

D = .36, both of which are also smaller than GSCA's counterparts 

(OPEM
D = .23 and OPES

D = .43). This indicates that DL-GSCA’s nonlinear components are 

expected to have smaller prediction error for outcome variables in both measurement and 

structural models than GSCA’s linear components. 
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Taken together, DL-GSCA is applied to construct a composite index for human 

development. Without assuming any prescribed formula for calculating the HDI, DL-GSCA 

estimates the formula in a data-driven manner, which leads the HDI to be constructed to 

sufficiently capture potential nonlinear associations among its four indicators while predicting 

two types of subjective well-being. In addition, DL-GSCA’s components, including the HDI, 

have higher in-sample and out-of-sample prediction powers than GSCA’s components. 

 

4. Simulation Study 

We conduct a simulation study to examine the explanatory and predictive power of DL-GSCA 

when nonlinear relationships exist between indicators in the model. For this study, we design a 

population DL-GSCA model that imitates the structural model as the HDI model, as shown in 

Figure 6. We describe how to generate data based on the population model in Appendix F. 

=== Insert Figure 6 about here ===  

 We consider four levels of sample size (N = 100, 200, 500, and 1000), for each of which 

we generate 500 training samples. Additionally, we generate one test sample of N = 2000. Figure 

7 displays the association patterns of each block of indicators in the test sample. In this 

simulation study, we employ 30% of each training sample as a validation sample to determine 

the values of the hyperparameters (i.e., Lp and Rp
(l)) from prescribed candidate values per 

hyperparameter (i.e., Lp = 0, 1, and 2; Rp
(l) = 2, 3, 4, and 5). We use the same number of initial 

values and tolerance level used in the previous section. 

=== Insert Figure 7 about here ===  

We compute the values of FITD, FITM
D, and FITS

D based on the final parameter estimates 

to evaluate the model’s explanatory power (or in-sample prediction error) for each training 
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sample. We also calculate the TED, TEM
D, and TES

D values based on the test sample to assess the 

model’s predictive power (or out-of-sample prediction error). We apply traditional GSCA as a 

benchmark for comparing DL-GSCA’s performance in both in-sample and out-of-sample 

prediction errors. 

Figure 8 displays the average values of FITD, FITM
D, and FITS

D obtained from DL-GSCA 

and GSCA per sample size. As shown in the figure, DL-GSCA provides greater average FITD 

values than GSCA in all sample sizes, indicating that overall, the nonlinear components of DL-

GSCA explain the variance of the dependent variables better than the linear components of 

GSCA. The difference in the average FITD values between the two methods remains unchanged 

across the sample sizes. The same patterns are observed in the average FITM
D

 and FITS
D values 

of the methods. 

=== Insert Figure 8 about here ===  

Figure 9 shows the average values of 1 – TED, 1 – TEM
D, and 1 – TES

D from DL-GSCA 

and GSCA per sample size. DL-GSCA provides smaller average TED values than GSCA in all 

sample sizes, indicating that DL-GSCA generally outperforms GSCA in terms of predictive 

power. The TED values of both methods tend to decrease on average as the sample size increases, 

but the difference in the values between the methods does not diminish. The average TEM
D

 and 

TES
D values of the methods show the same patterns. 

=== Insert Figure 9 about here ===  

To further compare the predictive performance of DL-GSCA and GSCA, we generate 

another training sample of N = 2000 and estimate their parameters from this sample. Then, we 

use the estimates to obtain the predicted values of the indicators in the test sample. Figure 10 

displays the indicators’ values predicted by DL-GSCA and GSCA against their original values in 
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the test sample. It clearly shows that DL-GSCA’s components can produce relatively accurate 

predictions of the three blocks of indicators, efficiently capturing their nonlinear and linear 

relationships. On the other hand, GSCA’s components fail to make accurate predictions of the 

first two blocks of indicators (z1,1 to z2,3), leading its indicators’ predicted values to deviate 

substantially from their original values. This indicates that GSCA is not optimal for predicting 

the nonlinear associations among the indicators for components 1 and 2, as expected.  

=== Insert Figure 10 about here ===  

In sum, our simulation study shows that when some indicators are nonlinearly related, on 

average, DL-GSCA results in smaller in-sample and out-of-sample prediction errors than GSCA 

in all conditions, speaking to DL-GSCA’s superior performance to GSCA in terms of both 

explanatory and predictive power. 

 

5. Concluding Remarks 

We proposed a new extension of GSCA, termed deep learning GSCA (DL-GSCA), which 

incorporates DL’s functions to produce components that can capture nonlinear associations 

among their indicators in a data-driven manner without the need of pre-specifying the exact 

functional forms between the components and indicators. We also provided model evaluation 

indices to assess a model’s explanation (in-sample) and prediction (out-of-sample) errors.  

We conducted both real and simulated data analyses and demonstrated the superior 

performance of DL-GSCA to GSCA in the presence of nonlinear relationships among indicators 

per component. Moreover, we illustrated DL-GSCA’s potential for creating the HDI while 

capturing nonlinear associations among the index’s indicators and considering its hypothetical 

relationships with other variables. Unlike the traditional procedures for developing the HDI, in 
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which a group of experts determine its computational formula without considering its 

relationships with other variables, DL-GSCA statistically estimated the formula for the HDI such 

that it could be a good summary of its indicators and good predictors for two types of subjective 

well-being.   

DL-GSCA contributes substantially to broadening the scope of GSCA beyond linear 

modeling and improving prediction accuracy. Nonetheless, it has limitations as well. For 

example, the proposed method in its current form assumes that components are always linearly 

related in the structural model. We here intend to focus on capturing nonlinear associations 

among indicators per component in the component measurement model while keeping the 

interpretation of the relationships among components as simple as possible. However, some 

researchers may want to specify nonlinear associations between components while still defining 

components as linear functions of their indicators (e.g., Basco et al., 2021; Hwang et al., 2010). 

For example, they may be interested in examining interaction effects of components, keeping the 

component scores easily interpretable (e.g., Hwang et al., 2021). Thus, it may be necessary to 

incorporate DL’s functions into the structural model as well, so that researchers can freely decide 

which sub-model(s) can be nonlinear.  

Moreover, DL-GSCA currently assumes that all dependent variables are continuous. 

Consequently, it is not suitable to estimate models with categorical dependent variables. For 

example, in genomic modeling, a set of single nucleotide polymorphisms (SNPs) within a gene is 

typically categorical variables (e.g., Romdhani et al., 2015). To handle such cases, we may need 

to extend DL-GSCA to adopt a different activation function for categorical variables (e.g., 

sigmoid or softmax; see Nwankpa et al., 2021), minimizing a mixture of two optimization 
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criteria, e.g., the mean squares error for continuous variables and cross-entropy for categorical 

variables.  

 Furthermore, DL-GSCA needs to accommodate various technical extensions of GSCA. 

For instance, it should be extended to deal with higher-order components (Hwang & Takane, 

2014, pp. 99–110). In the empirical application, for example, the HDI may be considered a 

second-order component which is linked to the three domains of human development (i.e., 

health, knowledge, and decent standard of living) as its first-order components. Also, it would be 

beneficial to extend DL-GSCA to efficiently handle missing observations which frequently occur 

in practice (Graham, 2008). We may adopt GSCA’s model-based imputation approach (Hwang 

& Takane, 2014, pp. 123–125), which treats missing values as parameters and estimates them 

along with the other model parameters by minimizing a single optimization criterion. In addition, 

we may consider combining DL-GSCA with regularization techniques, such as ridge and lasso, 

to avoid potential overfitting. DL-GSCA may be more susceptible to the overfitting issue than 

GSCA because the former will likely have a far larger number of parameters than the latter. We 

may borrow the same idea of regularized GSCA (Hwang, 2009; Hwang & Takane, 2014, 

Chapters 8 and 9) to shrink DL-GSCA’s parameter estimates toward zero or to exact zero. 

In closing, DL-GSCA represents a flexible, nonlinear multivariate method for estimating 

complex path-analytic models involving components. It aims to capture potential nonlinear 

associations between components and indicators while examining linear associations among 

components. Thus, DL-GSCA can substantially improve the predictive power of its components 

while maintaining the interpretability of the relationships among the components. We 

concentrate on proposing DL-GSCA’s general framework in the paper and will need to refine 

and extend the method in various ways to deal with a broad range of data-analytic issues, 
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including those enumerated above. Moreover, it will be important to develop a software program 

for DL-GSCA to make it more accessible to researchers and practitioners. For example, DL-

GSCA can be included in GSCA’s free user-friendly software – GSCA Pro (Hwang et al., 2023). 

This can also contribute to the application of DL-GSCA to a greater variety of real-world 

problems and more thorough investigations of its practical usefulness.  

Finally, we considered a maximum of two hidden layers per neural network (Lp) in our 

empirical analyses. This may give the impression that DL-GSCA can only handle a shallow 

neural network with a small number of hidden layers. However, in our DL-GSCA model, the 

overall structure is not represented merely by the layers of a singular nested neural network. As 

described in Appendix B, the model’s architecture consists of several interconnected neural 

networks. Therefore, the total number of hidden layers in the entire model is always significantly 

higher than the number presented in any single nested network (Lp). In addition, DL-GSCA does 

not impose any limit on the number of hidden layers (Lp) in each individual network. 

Researchers, depending on the availability of computational resources, can consider a greater 

value of Lp than the ones employed in our empirical studies. 

Equation Chapter  1 Section 1 

Equation Chapter (Next) Section 1 
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Appendix A. Model specification in DL-GSCA 

Let γ = [γ1, γ2, ∙∙∙, γP]' denote a P by 1 random vector of components, where γp is the pth 

component (p = 1, 2, ···, P), and P is the total number of components. Let zp = [z1,p; z2,p; ∙∙∙; zJp,p] 

denote a Jp by 1 random vector of indicators for γp, called a block of indicators for γp, where zi,p 

is the ith indicator in zp (i = 1, 2, ∙∙∙, Jp) and Jp is the number of indicators for γp. Let z = [z1; z2; 

∙∙∙; zP] denote a J by 1 random vector of indicators, where J is the total number of indicators. 

Both indicators and components are assumed to be standardized, i.e., E(zi,p) = E(γp) = 0 and 

var(zi,p) = var(γp) = 1. Each component γp is defined as γp = fw,p(zp), where fw,p: ℝ
Jp → ℝ denotes 

a continuous function of zp to γp. Let fc,p: ℝ → ℝJp denote a continuous function of γp to ẑp, where 

ẑp is the predicted value of zp given γp. DL-GSCA assumes at default that γp is to explain the 

variance of zp. If fw,p and fc,p are linear, then fw,p(zp) and fc,p(γp) can be expressed as fw,p(zp) = wp'zp 

and fc,p(γp) = cpγp where wp is a Jp by 1 vector of weight parameters for zp, and cp is a Jp by 1 

vector of weight parameters for zp. If γp is not assumed to explain zp, then fc,p(γp) = 0. Let bp = 

[b1,p, b2,p, ∙∙∙, bP,p]' denote a P by 1 vector of path coefficients relating γ to γp, where bq,p is non-

zero if γq is assumed to influence γp and zero otherwise (q = 1, 2, ∙∙∙, P and q ≠ p). Let fW(z) ≡ 

[fw,1(z1); fw,2(z2); ∙∙∙; fw,P(zP)], fC(γ) ≡ [fc,1(γ1), fc,2(γ2) , ∙∙∙,  fc,P(γP)]', and B ≡ [b1, b2, ∙∙∙, bP]. Let ξ = 

[ξ1; ξ2; ∙∙∙; ξP] denote a J by 1 vector of errors for z in the component measurement model, where 

ξp is a Jp by 1 vector of errors for zp. Let ζ = [ζ1, ζ2, ∙∙∙, ζP]' denote a P by 1 vector of errors for γ 

in the structural model, where ζp is an error for γp. Then, the three sub-models of DL-GSCA are 

expressed as (4), (5), and (6). Furthermore, DL-GSCA combines the sub-models into a single 

equation as follows. 

 

[z; γ] = [fC(γ); B'γ] + [ξ; ζ]

↔[z; fW(z)] = fA(γ) + [ξ; ζ]

↔ fV(z) =  fA(fW(z)) + ε,

 (A.1) 
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where fV(z) = [z; fW(z)], fA(γ) = [fC(γ); B'γ], and ε = [ξ; ζ]. This is called the DL-GSCA 

model.Equation Chapter  2 Section 1 
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Appendix B. Approximations to DL-GSCA’s fW and fC via deep learning’s artificial neural 

networks 

DL-GSCA utilizes deep learning (DL) for estimating each fW and fC in a data-driven manner. As 

fW and fC can be seen as function sets of fw,p and fc,p across components (p = 1, 2, ···, P), 

respectively, DL-GSCA splits fW and fC into their small ingredients (i.e., fw,p and fc,p) and 

processes each of them separately. Let hw,p and hc,p denote DL’s two artificial neural networks 

that approximate fw,p and fc,p, respectively. As briefly discussed earlier, these functions are built 

based on function composition, indicating that hw,p and hc,p map their input arguments to the 

output through a sequence of functions. Specifically, hw,p is defined as γp = hw,p(zp) = 

hw,p
(Lp+1)(hw,p

(Lp) (∙∙∙(hw,p
(1)(zp))), where hw,p

(l) is the lth function in a sequence of functions for hw,p 

(l =1, 2, ∙∙∙, Lp+1) and Lp+1 is the total number of functions in the sequence for γp. Likewise, 

hc,p(γp) is defined as ẑp = hc,p(γp) = hc,p
(Lp+1)(hc,p

(Lp)(∙∙∙(hc,p
(1)(γp))), where hc,p

(l) is the lth function in 

a sequence of functions for hc,p (l =1, 2, ∙∙∙, Lp+1). As stated earlier, hw,p
(l) and hc,p

(l) are called 

layers in DL. Once hw,p and hc,p are defined, hW and hC  are defined as hW(z) = [hw,1(z1); 

hw,2(z2);∙∙∙; hw,P(zP)] and hC(γ) = [hc,1(γ1); hc,2(γ2);∙∙∙; hc,P(γP)], which approximate fW and fC, 

respectively. Taken together, DL-GSCA employs a total of 2P artificial neural networks to 

approximate fW and fC in (4) and (5). 

There are three types of layers: input, hidden, and output layers. The input layer refers to 

a vector of input arguments, for instance, zp for hw,p and γp for hc,p, whereas the output layer 

refers to the last layer in a sequence of functions, such as, hw,p
(Lp+1) for hw,p and hc,p

(Lp+1) for hc,p. 

The other functions between the input and output layers constitute hidden layers, for example, 

hw,p
(Lp), hw,p

(Lp–1), ∙∙∙, hw,p
(1) for hw,p and hc,p

(Lp), hc,p
(Lp–1), ∙∙∙, hc,p

(1) for hc,p. Only the hidden and 

output layers are called computational layers, as the input layer simply transmits its input 

arguments to the next layer (Aggarwal, 2018, p. 6). The output values of each hidden layer are 



 DEEP LEARNING GSCA 

27 

 

called hidden units in the hidden layer, and all indicators, components, and hidden units are 

collectively called nodes. The number of hidden units in the lth hidden layer is denoted by Rp
(l).  

Figure B1 depicts an example of layers for hw,p. The input layer includes three indicators 

for a component, whereas the output layer contains the component. There are two hidden layers, 

each of which contains four hidden units, signified by dotted hexagons. A hidden unit refers to 

an element of the output vector of each hidden layer. In this example, there are three 

computational layers for hw,p. 

=== Insert Figure B1 about here ===  

Each node per computational layer is obtained by transforming the weighted sum of 

nodes in the previous layer in a linear or nonlinear fashion. Specifically, let sp,a
(l) denote the ath 

node in the lth computational layer for hw,p (a =1, 2, ∙∙∙, Rp
(l); l =1, 2, ∙∙∙, Lp+1). Let sp

(l) ≡ [sp,1
(l), 

sp,2
(l), ∙∙∙, sp,Rp

(l)]' and sp
(0) ≡ zp. Let Wp

(l) denote an Rp
(l – 1) by Rp

(l) matrix of weights in the lth 

computational layer, where Rp
 (0) ≡ Jp. Let βw,p

(l) denote a Rp
 (l) by 1 vector of biases/intercepts in 

the lth computational layer. Let α(x) = [α1(x1), α2(x2), ∙∙∙, αM(xM)]' denote an activation function 

that transforms each entry of the input vector x linearly or nonlinearly, where x = [x1, x2, ∙∙∙, xM]' 

is any vector of size M and αm is an activation function that is applied to xm (m = 1, 2, ∙∙∙, M). 

Then, hw,p
(l) in hw,p can be expressed as sp

(l)  = hw,p
(l)(sp

(l – 1)) = α(Wp
(l)'sp

(l – 1) + βw,p
 (l)), indicating 

that a set of nodes in the lth computational layer for hw,p is defined as a linear or nonlinear 

function of a weighted sum of nodes in the (l–1)th computational layer for hw,p.  

We can consider several types of activation function, including identity, sigmoid, tangent 

hyperbolic (tanh), bounded linear unit (BLU), and rectified linear unit (ReLU). Refer to 

Nwankpa, Ijomah, Gachagan, and Marshall (2021) for the characteristics of these activation 

functions. The ReLU function is one of the most popular activation functions for hidden units in 
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modern deep learning architectures because of its superior performance in multiple-layer cases 

(e.g., Aggarwal, 2018; Nwankpa et al., 2021). Thus, in DL-GSCA, by default, the ReLU function 

is used for hidden units, which can be expressed as  

 αm(xm) = max(0, xm). (B.1) 

Figure B2(a) displays the ReLU function, which is a continuous, piecewise, linear function. 

Based on the property of a piecewise linear function, hw,p involving the ReLU also becomes 

continuous and piecewise linear in zp (Strang, 2019, p. 375). This indicates that hw,p 

approximates fw,p by a linear combination of multiple line pieces. On the other hand, two 

activation functions, identity and BLU (Zhangyang et al., 2016), are recommended for the output 

layer, which can be written as  

 αm(xm) = xm                                (identity) (B.2) 

 αm(xm) = max(min(xm, τ2,m), τ1,m)  (BLU), (B.3) 

where τ1,m and τ2,m are the lower and upper limits of xm, respectively.2 Figure B2(b) and Figure 

B2(c) exhibit the two activation functions. In DL-GSCA, the BLU function is preferred to the 

identity function for the output layer of hw,p because it can suppress the occurrence of extreme 

component scores from a test sample by truncating them to lie in the range of the component 

scores estimated from a training sample (e.g., [–3, 3]). Without such a truncation scheme, 

abnormally large component scores can be obtained from a test sample if this sample includes 

outliers, leading to large out-of-sample prediction error.  

=== Insert Figure B2 about here ===  

 Figure B3 depicts an example of layers for hc,p, which consists of the same number of 

computational layers as those for hw,p. The input layer in hc,p includes a component, whereas the 

 
2 In the original BLU function, τ1,m and τ2,m are restricted as 1 = τ2,m = –τ1,m. 
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output layer includes the predicted values of the component’s indicators. Let tp,a
(l) denote the ath 

node in the lth computational layer for hc,p (a =1, 2, ∙∙∙, Rp
(l); l =1, 2, ∙∙∙, Lp+1). Let tp

(l) ≡ [tp,1
(l), 

tp,2
(l), ∙∙∙, tp,Rp

(l)]' and tp
(0) ≡ γp. Let Cp

(l) denote an Rp
(l – 1) by Rp

(l) matrix of loadings, and βc,p
(l) 

denote a Rp
(l) by 1 vector of biases. Then, hc,p

(l) in hc,p can be expressed as tp
(l) = hc,p

(l)(tp(l – 1)) = 

α(Cp
(l)'tp

(l – 1)+ βc,p
(l)), indicating that a set of nodes in the lth computational layer for hc,p is 

defined as a linear or nonlinear function of a weighted sum of nodes in the (l–1)th computational 

layer for hc,p. The ReLU function is again used for all hidden layers of hc,p, while the identity 

function is for the output layer. The BLU function is not used for the output layer because the 

values of ẑp are not expected to be abnormally extreme as the argument of hc,p (i.e., the score of 

γp) is already truncated not to have an extreme value.  

=== Insert Figure B3 about here ===  

Equation Chapter  3 Section 1  
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Appendix C. Parameter estimation procedure for DL-GSCA 

Given the data of indicators, DL-GSCA aims to estimate hw,p, hc,p, and B in such a way that 

components minimize the average unexplained variance of all dependent variables in the model. 

Let dn,p denote a Jp by 1 vector of the standardized scores of zp for the nth individual in a sample 

of N individuals. Let dn ≡ [dn,1; dn,2; ∙∙∙; dn,P] and D ≡ [d1, d2, ∙∙∙, dN]'. Let gn,p denote the nth 

individual’s standardized score for γp, which can be obtained by 

 gn,p = hw,p(dn,p).   (C.1) 

 Let gn ≡ [gn,1, gn,2, ∙∙∙, gn,P]' and G ≡ [g1, g2, ∙∙∙, gN]'. Let en denote a J + P by 1 vector of residuals 

for [dn; gn]. Let SS(X) ≡ trace(X'X), where X is any matrix. Let blkdiag() denote an operator that 

converts a set of input matrices into a block-diagonal matrix that includes each input matrix as its 

diagonal block. Let Oz ≡ blkdiag(Oz,1, Oz,2, ∙∙∙, Oz,P), where Oz,p = I if zp is explained by γp and 

Oz,p = 0 otherwise. Let Oγ ≡ blkdiag(oγ,1, oγ,2, ∙∙∙, oγ,P), where oγ,p is one if γp is explained by other 

components and zero otherwise. Let O ≡ blkdiag(Oz, Oγ). Let T denote the number of dependent 

variables in the model. Given D, DL-GSCA seeks to minimize the following optimization 

criterion 

 

φ(hw,p, hc,p, B)

 = (TN)
–1 ∑ SS(enO)N

n=1

 = (TN)
–1 ∑ (SS((dn,p – hc,p(g

n,p
))Oz,p) + SS(g

n,p
 – g

n
bp)oγ,p)) ,P

p=1

 (C.2) 

subject to the standardization constraints on components. The criterion (C.2) is equivalent to the 

average (squared) prediction error for all the dependent variables in the model.  

As this constrained optimization criterion cannot be minimized in closed form, we 

develop an alternating least squares (ALS) algorithm to minimize (C.2) iteratively. Specifically, 

the ALS algorithm begins by assigning initial values to the parameters in the following way. It 

utilizes the estimates of GSCA as the initial values of G and B and then, applies the He 
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initialization (He et al., 2015) to assign random initial values to hw,p and hc,p. The He 

initialization is more efficient for convergence than any other procedures when the Relu function 

is used for deep learning (Kumar, 2017). Then, the algorithm alternates the following two steps 

until the difference in the value of (C.2) between consecutive iterations becomes smaller than a 

prescribed tolerance level (e.g., .0001). 

Step 1. Update hw,p, hc,p , and bp with hw,q, hc,q , and bq fixed for all q ∈ ℚp, where ℚp is a set of 

integers from 1 to P except for p. Let ςp denote the pth row of B – I, and Ωp denote I – B with 

the pth row removed. Let πp denote a row vector of the nonzero entries of ςp. Let Φp denote a 

matrix of the columns of Ωp that correspond to the non-zero entries of ςp. Let Ωp,z denote a 

matrix of the columns of Ωp that correspond to the zero entries of ςp. With the standardization 

constraints imposed on components, the objective function (C.2) can be re-expressed as  

 

φ(hW, hC, B)

= (TN)
–1 ∑ (∑ (SS((dn,k – hc,k(gn,k

))Oz,k)) + SS((I – B)'g
n
Oγ)

P
k=1 )N

n=1

= (TN)
–1 ∑ (∑ (SS((dn,k – hc,k(gn,k

))Oz,k)) + SS((Ωp'g
n,–p

  – ς
p
'g

n,p
)Oγ)

P
k=1 )N

n=1    

= (TN)
–1 ∑ (SS([(dn,p – hc,p(hw,p(dn,p)))Oz,p, (Φp'g

n,–p
 – πp'hw,p(dn,p))Oγ]) + ψ

1
,N

n=1

 (C.3) 

where ψ
1
 =  (TN)

–1 ∑ (∑ (SS((dn,q – hc,q(g
n,q

))O
z,q

))  + SS(Φp'g
n,–p

Oγ) q∈ℚp
)N

n=1  is a constant, 

indicating that hc,p, hw,p, and πp can be estimated with hw,q, hc,q, and bq fixed for all q ∈ ℚp in 

such a way that the pth component (gn,p) can minimize the sum of squared residuals for dn,p and 

Φp'g
n,–p

. The Broyden–Fletcher–Goldfarb–Shanno (BFGS) algorithm (Broyden, 1970; Fletcher, 

1970; Goldfarb, 1970; Shanno, 1970) can be used to minimize (C.3) subject to the 

standardization constraints. We employ the fminunc function in MATLAB, which allows users to 

implement the BFGS algorithm without manually calculating the gradient of  (C.3) (The 
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MathWorks Inc., 2022). Once hc,p, hw,p, and πp are updated, the non-zero elements of bp are 

updated by the estimated πp.Then, hW, hC, and B are updated by hw,p, hc,p , and bp. 

Step 2. Update B for hW and hC fixed. Let θ denote a column vector of the non-zero elements of 

vec(B), where vec() is an operator to converts an input matrix into a column vector by stacking 

the columns of the input matrix vertically in order. The operator ⨂ denotes the Kronecker 

product. Let Ξ denote a matrix of the columns of Oγ ⨂ G that correspond to the non-zero 

elements of vec(B). We can re-write (C.2) as  

 

φ(hw,p, hc,p, B)

= (TN)
–1 ∑ (SS((g

n
 – B'g

n
)Oγ)) +  ψ

2
N
n=1

= (TN)
–1

SS(GOγ –  GBOγ) +  ψ
2

= (TN)
–1

SS(vec(GOγ) – (Oγ ⨂ G)vec(B)) + ψ
2

= (TN)
–1

SS(vec(GOγ) – Ξθ) +  ψ
2
,

 (C.4) 

where ψ2 = (TN)
–1 ∑ (SS((dn – hc(g

n
))Oz))N

n=1  is a constant. The least squares estimate of θ can be 

obtained by  

 𝛉̂ = (Ξ'Ξ)–1Ξ'vec(GOγ), (C.5) 

from which the non-zero elements of B are updated.  

DL-GSCA repeats the ALS algorithm with different random initial values to avoid 

potential convergence to local minima (Hwang & Takane, 2014, p. 24). Then, DL-GSCA selects 

a set of parameter estimates that leads to the smallest value of (C.2) as the final one.  
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Appendix D. Predictive feedforward search algorithm used for tuning DL-GSCA’s 

hyperparameters 

Prior to applying the ALS algorithm, DL-GSCA should determine the values of two 

hyperparameters for each component (i.e., Lp and Rp
(l)). The predictive feedforward search 

algorithm (Cho, Hwang, et al., 2022), which was originally introduced for variable selection in 

GSCA, can be utilized for deciding on the values of the hyperparameters in DL-GSCA.  

Given candidate sets of the hyperparameter values for a component, the search algorithm 

generates K pairs of training and validation samples. Then, the algorithm starts with the smallest 

candidate values of Lp and Rp
(l). The DL-GSCA model with these values is fitted to a training 

sample, and the model’s TED value is subsequently calculated from the corresponding validation 

sample. This procedure is reiterated for the remaining pairs of training and validation samples, 

leading to the calculation of the average TED value over K validation samples. 

The algorithm proceeds with the next smallest Rp
(l) value and calculates the model’s 

average TED value again. Then, it compares the two average TED values from two different Rp
(l) 

values to see if the TED value decreases with an increase in the Rp
(l) value. If it does, the process 

continues with the next smallest Rp
(l) value until the model’s TED value no longer decreases with 

an increase in Rp
(l), or there are no remaining Rp

(l) candidates. The Rp
(l) value resulting in the 

minimum average TED is selected as the optimal one for the smallest Lp value. 

This process is then conducted for the next smallest Lp value with the aim of identifying 

the optimal Rp
(l) value for that Lp. The algorithm subsequently compares the two average TED 

values from two different combinations of Lp and Rp
(l) and determines whether an increase in the 

Lp value reduces the model’s TED value. If so, the process proceeds with the next smallest Lp 

until the model’s TED value no longer decreases with an increase in Lp or there are no further Lp 
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candidates. The Lp and Rp
(l) pair that leads to the smallest average TED is selected as the optimal 

one for that component.  

The search algorithm repeats the above procedures for all components. When the sample 

size is large, it may be too computationally costly to conduct K-fold cross validation. In this case, 

the algorithm is carried out based on the validation set approach that uses a prescribed 

percentage of the training sample (e.g., 70%) for training the model and the remaining one for 

calculating the model’s TED value. Equation Chapter  5 Section 1 
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Appendix E. Formulae for DL-GSCA’s model evaluation indices 

The overall goodness-of-fit index, FITD, is given as  

 D 1

1

ˆ(([ , ] [ ( ), ' ]) )
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N

n n C n n

n

N

n n

n
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SS
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= −
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d g g B g O

d g O

  (E.1) 

where B̂ is the estimate of B. The two local goodness-of-fit indices, FITM
D and FITS

D, are 

provided as 
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 On the other hand, TED is defined as  
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ˆ(([ , ] [ ( ), ' ]) )
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−
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,  (E.4) 

where Ntt is the number of individuals in the test sample; dn,tt is the nth individual’s standardized 

scores in the test sample (n = 1,2, ∙∙∙, Ntt); hW, hC, and B̂ are the parameter estimates obtained 

from the training sample; and gn,tt  ≡ hW(dn,tt). Note that dn,tt should be standardized using the 

sample means and standard deviations of indicators obtained from the training sample, not from 

the corresponding test sample, because hW, hC, and B̂ are the estimates obtained from the 

standardized scores of indicators in the training sample. In addition, two local indices for 
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evaluating the prediction errors of the component measurement and structural models are defined 

as follows. 
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Moreover, OPED is defined as  
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where Nboot is the number of in-bag and out-of-bag sample sets; Nk is the number of individuals 

in the kth out-of-bag sample; dn,k is the nth individual’s standardized scores in the kth out-of-bag 

sample; hW,k, hC,k, and B̂k are the parameter estimates obtained from the kth in-bag sample; and 

gn,k  ≡ hW (dn,k). Note that dn,k should be standardized using the sample means and standard 

deviations of indicators obtained from the kth in-bag sample. The two local cross-validation 

indices are defined as follows. 
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Lastly, ∆TEp,q, which is used to evaluate the predictive power of each individual 

predictor for its dependent component, is defined as  
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1 1
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where gn,q,tt  is the qth component’s score in gn,tt , b̂q is the qth column of B̂, and Ip0 is the identity 

matrix of order P, whose pth diagonal entry is zero.  
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Appendix F. Data generating procedure for the simulation study 

Let dn,p,i denote the nth individual’s score of the ith indicator for the pth component in the 

prototype model in Figure 2 (n = 1, 2, ∙∙∙, N; i = 1, 2, 3; p = 1, 2, 3). To generate dn,p,i, we begin 

by obtaining the implied correlation matrix of the GSCA model based on Cho and Choi’s (2020) 

procedure, under the assumption that all indicators are linearly associated. This implied 

covariance matrix is provided in Table F1. We draw a sample of N individuals from a 

multivariate normal distribution with zero means and the covariance matrix. Let yn,p,i denote the 

nth individual’s score of the ith indicator for the pth linear component. We then generate dn,p,i as 

follows: dn,1,1 = yn,1,1, dn,1,2 = (yn,1,2)
2, dn,1,3 = –(yn,1,3)

2, dn,2,1 = yn,2,1, dn,2,2 = (yn,2,1 × yn,2,2), dn,2,3 = 

(yn,2,2 × yn,2,3), dn,3,1 = yn,3,1, dn,3,2 = yn,3,2, and dn,3,3 = yn,3,3. 

=== Insert Table F1 about here ===  
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Table F1. The correlation matrix of indicators used in the simulation study. 

 y1,1 y1,2 y1,3 y2,1 y2,2 y2,3 y3,1 y3,2 y3,3 

y1,1 1.000 0.800 0.800 0.433 0.433 0.433 0.303 0.303 0.303 

y1,2 0.800 1.000 0.800 0.433 0.433 0.433 0.303 0.303 0.303 

y1,3 0.800 0.800 1.000 0.433 0.433 0.433 0.303 0.303 0.303 

y2,1 0.433 0.433 0.433 1.000 0.800 0.800 -0.303 -0.303 -0.303 

y2,2 0.433 0.433 0.433 0.800 1.000 0.800 -0.303 -0.303 -0.303 

y2,3 0.433 0.433 0.433 0.800 0.800 1.000 -0.303 -0.303 -0.303 

y3,1 0.303 0.303 0.303 -0.303 -0.303 -0.303 1.000 0.800 0.800 

y3,2 0.303 0.303 0.303 -0.303 -0.303 -0.303 0.800 1.000 0.800 

y3,3 0.303 0.303 0.303 -0.303 -0.303 -0.303 0.800 0.800 1.000 
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Figure 1. Scatterplots of four indicators for the Human Development Index (HDI). 
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Figure 2. The Human Development Index (HDI) model specified for the empirical application. 

Hexagons and squares denote components and indicators, respectively. Each set of curved 

arrows shows which block of indicators is to be explained by which component. A straight line 

labelled with 1 indicates that OLS is set to be identical to z3,1. Error terms are omitted.  
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Figure 3. Plot of the optimization criterion value (C.2) versus the number of iterations. 
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Figure 4. Scatterplots of indicators’ scores (blue circles) and their predicted values (orange stars) 

obtained from DL-GSCA in the empirical application.  
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(A) HDI  

 

(B) SED  

 

Figure 5. Scatterplots of two components (HDI and SED) and their indicators obtained from 

DL-GSCA in the empirical application. 
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Figure 6. A population DL-GSCA model used in the simulation study. 

  



Deep learning GSCA 

51 

 

 

  

Figure 7. Scatterplots of indicators per component in the test sample for the simulation study. 
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Figure 8. In-sample performance of DL-GSCA and GSCA in the simulation study. The average 

values of FITD, FITM
D, and FITS

D obtained from DL-GSCA and GSCA per sample size. O = DL-

GSCA and * = GSCA.  
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Figure 9. Out-of-sample performance of DL-GSCA and GSCA in the simulation study. The 

average values of 1 – TED, 1 – TEM
D, and 1 – TES

D obtained from DL-GSCA and GSCA per 

sample size. O = DL-GSCA and * = GSCA. 
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(A) DL-GSCA 

  

 

(B) GSCA 

 

Figure 10. Scatterplots of indicators’ scores (blue circles) and their predicted values (orange 

stars) per component obtained from DL-GSCA and GSCA in the simulation study. 
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Figure B1. An example of layers for hw,p in DL-GSCA’s weighted relation model. Dotted circles 

represent hidden units per hidden layer. Straight lines denote weight parameters. 
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Figure B2. Three types of activation functions used in DL-GSCA. 
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Figure B3. An example of layers for hc,p in DL-GSCA’s component measurement model. Dotted 

circles represent hidden units per hidden layer in the measurement model. Straight lines denote 

loading parameters. 
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